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Abstract 
Given a graph property P and positive integer k, a P k-coloring of a graph G is an assignment 
of one of k colors to each vertex of the graph so that the subgraphs induced by each color class 
have property P. This notion generalizes the standard efinition of graph coloring, and has been 
investigated for many properties. We consider here the complexity of the decision problem. 
In particular, for the property -G, of not containing an induced subgraph isomorphic to G, we 
conjecture (and provide strong evidence) that -G k-colorability is NP-complete whenever G has 
order at least 3 and k 2 2. The techniques rely on new NP-completeness results for hypergraph 
colorings. 
1. Introduction 
Many generalizations of graph colorings have been investigated in the literature. 
Most of them can be incorporated into the following framework. Let P be a property 
of graphs, i.e. a collection of graphs containing Ko and Kl that is closed under isomor- 
phism (for example, acyclicity, planarity, perfection, completeness and independence 
are all properties). Given a graph G and a positive integer k, a P k-coloring of G is 
a function rc : V(G) -+ {l,..., k} such that the subgraph induced by each color class 
z-‘(i) has property P. The P chromatic number of G, x(G : P) is the least k for 
which G is P k-colorable. When P is the property of being edge-free, P colorings and 
standard graph colorings coincide. Such a broad generalized notion of graph coloring 
can be found in [26,17,24], and the development of the theory of P colorings can be 
found in [7-91. In fact, it seems that P colorings are a useful way to classify hierarchi- 
cally all graphs with respect o a property P (see [lo]). For other works on the topic, 
see [1,2,5,6,11,21,31,37-391; [ll] applies P colorings to give a graphical approach 
to hypergraph colorings, and shows the utility of considering P colorings even if one 
is interested only in hypergraph colorings. 
We remark that generalized graph colorings may be placed in a Ramsey-like con- 
text: write P --tk H if for every assignment of one of the colors 1,. . . , k to the vertices 
of H, there is a monochromatic subgraph with property P. For the properties P of 
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not containing an induced subgraph isomorphic to a fixed graph G, this problem orig- 
inated with Folkman [20], and numerous existential and extremal problems have been 
investigated [13,14,20,25,28,32-341. 
Let us return to standard graph colorings for the moment. In addition to proving 
theoretical results in chromatic theory, it is natural to investigate colorings from an 
algorithmic perspective, for graph colorings arise in a myriad of applications, and there 
are many algorithms (both exact and heuristic) for coloring the vertices of a graph. 
One of the first problems to have its complexity classified (see [22]) was the following 
(for fixed k): 
Gra(k) (Graph k-colorability) 
Instance: A graph F. 
Question: Is F k-colorable? 
Gra(k) is polynomial for k = 1 and 2, while it is NP-complete for k 2 3. The difficulty 
in k-coloring a graph for k > 3 seems tied closely to the problem of classifying all 
(k + 1 )-critical graphs (i.e. k-chromatic graphs all of whose proper subgraphs are 
(k - 1 )-colorable. 
We will investigate here the complexity of P colorability. While it is unlikely to 
find a complete solution to the problem, we will center our discussion on properties 
P = -G (i.e. not containing an induced copy of G). Along the way, we will need 
to prove some new NP-completeness results for hypergraph colorings which are of 
interest in their own right. 
We note that [23] considers the complexity of coloring graphs where each color 
class is either complete or independent. The complexity of quite a different notion of 
generalized colorings related to graph homomorphism has been solved in [27]. Finally, 
Burr [16] has investigated the complexity of edge colorings related to Ramsey theory. 
For graph and hypergraph theoretic notation, we refer the reader to [4,3] and for 
complexity terminology, to [22]. The order of a graph is its number of vertices (if G 
has order at least 1, then we say that G is nonempty). The complete, path and cycle 
graphs of order n are denoted by K,, P, and C, respectively. The clique number of G 
is denoted by o(G). We often do not distinguish between a subset of V(G) and the 
subgraph of G it induces. 
The complement of a graph G is written as G. Given two disjoint graphs G and H, 
G UH denotes the disjoint union of G and H, and G+H, the join of G and H, is the 
graph formed from G U H by adding in all edges between G and H. Given a vertex 
V, the graph formed by substituting H for vertex v in G arises from (G - v) u H by 
making every vertex of H adjacent to every neighbor of v in G. The chromatic number 
of a graph is denoted by x(G). 
We assume that all properties under discussion are nontrivial (i.e. do not contain all 
graphs) and hereditary, that is, closed under induced subgraphs (this implies that the 
restriction of any P coloring to an induced subgraph is again a P coloring, a desirable 
general condition). For any such property, there are graphs of all P chromatic numbers 
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[9,8]. The elementary properties are those of the form -G, which (for a fixed graph 
G of order at least 2) denotes the family of G-free graphs (i.e. those that do not contain 
an induced copy of G); these are elementary properties as any hereditary property is 
the intersection of (possibly infinitely many) such properties. A graph is called a P 
graph if it belongs to P. 
One construction of P k-chromatic graphs is via the substitution operation as follows. 
We say that G is vertex P k-critical if x(G : P) = k but for all vertices v of G, G - v 
is P (k - 1 )-colorable (so in particular, a vertex P 2-critical graph is a graph minimally 
not in P). If G is a vertex P 2-critical graph and H is a P k-chromatic graph, then the 
graph formed from G by substituting a copy of H for every vertex but one of G is 
not P k-colorable (see [9]). One of the earliest results on generalized graph colorings 
arose from J. Folkman’s work in Ramsey theory, and he proved the following: 
Theorem 1.1 (Folkman’s Theorem [20]). For any graph G of order at least 2 and 
any positive integer k there is a graph H that is not -G k-colorable, and moreover, 
u(H) = w(G). 
This result is a broad generalization of the existence of triangle-free graphs of arbi- 
trarily large chromatic number. 
Finally, we refer the reader to [22] for complexity terminology. The class Poly 
denotes the decision polynomials that have polynomial time algorithms, and NP is 
the class of nondeterministically polynomial decision problems. NPc is the class of 
NP-complete problems. 
In the next section, we prove some new results on hypergraph colorings that will not 
only be useful to us later, but are of independent interest in their own right. Section 3 
investigates the complexity of P k-colorability, which can range from polynomial times 
to undecidable. We formulate the conjecture that -G k-colorability is NP-complete for 
any graph G of order at least 3 and any k 2 2 (contrast this with the well known poly- 
nomial time algorithm for graph 2-colorability), and provide evidence for many graphs 
G. In the final section, we provide general NP-hardness results for P k-colorabililty, 
and examine the extension of the problems to countable (but finitary) graphs. 
2. Hypergraph colorability 
In our approach to the problem of P k-colorability, we will sometimes consider 
hypergraphs. We spend this section reviewing known results for hypergraph colorability, 
and proving new NP-completeness results that will be useful in P colorings. 
We refer the reader to [3] for all standard terminology regarding hypergraphs. For a 
hypergraph H, we denote its vertex set by V(H) and edge set by E(H); the order and 
size of H are respectively 1 V(H)1 and IE(H)I. A hypergraph H is r-uniform if every 
edge of H has size Y (all hypergraphs considered here will be loopless, i.e. all edges 
have cardinality at least 2). A path of length k 2 1 in hypergraph H is an alternating 
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sequence vi, El, IJ~, E2,. . . , vk+l of distinct vertices and edges such that Vi, Vi+1 E Ei 
for i = 1 , . . . , k. A cycle of length k 2 2 in hypergraph H is an alternating sequence 
v1,E1,v2,E2,..., vkEk of distinct vertices and edges such that vl,E~, v2,E2,. . . , Vk is a 
path and vi, vk E Ek; the girth of H, y(H), is the length of a shortest cycle (if H has 
no cycles, then we define y(H) = CO). 
An independent set I of hypergraph H is a subset of V(H) that contains no edge of 
H. A hypergraph H is k-colorable if there is a function n : V(H) -+ { 1,. . . , k} such 
that no edge is monochromatic, i.e. for any edge e of H, In(e)1 > 2 (it is easy to see 
that H is k-colorable if and only if V(H) can be covered by k independent sets). The 
chromatic number of H, x(H), is the least k for which H is k-colorable. Finally, a 
hypergraph is k-critical if x(H) = k but the deletion of any vertex or edge leaves a 
(k - 1 )-colorable hypergraph. 
We remark that there is another notion of hypergraph coloring, where no colour 
is repeated in any edge; such a coloring is called a strong coloring, and there is a 
somewhat smaller literature on such colorings [3]. 
Let r B 2 and k > 1. Consider the following problem: 
Hyp(r, k) (v-uniform Hypergraph k-colorability) 
Instance: An r-uniform hypergraph H. 
Question: Is H k-colorable? 
For r = 2, Hyp(r,k) is Gra(k), graph k-colorabililty, and as mentioned above, it is 
known to be polynomial if k < 2 and to be NP-complete if k 2 3. For r 2 3 and k 2 3, 
Hyp(r, k) is NP-complete by the work of Phelps and Rod1 [35] (even when restricted to 
hypergraphs without 2-cycles). Also, in Section 4 of [ 1 l] a polynomial transformation 
from Gra(k) to Hyp(r, k) that preserves chromatic number was constructed, and the 
NP-completeness of Hyp(r,k) follows from that of Gra(k) (we point out that this 
transformation utilizes generalized graph colorings). Lovbz [30] provided a polynomial 
transformation from Gra(k) to the problem 
Given a hypergraph, is it 2-colorable? 
This result is surprising, for remember that graph 2-colorability is polynomial. The 
hypergraphs formed in Lovasz’s construction are only uniform for k = 3, however. 
We can extend his argument to prove Hyp(r, 2) is NP-complete for any r 2 3 (we will 
need this result in the next section). 
Lemma 2.1. Hyp(r,2) is NP-complete for all jxed r > 3. 
Proof. We reduce Hyp(r - I,r) to Hyp(r,2) (for r = 3, this is Lovbz’s argument). 
Given an (r - l)-uniform hypergraph H with vertex set {vi , . . . , v,,}, we take (disjoint) 
copies H’ , . . . , H’ of H. We form an r-uniform hypergraph H’ on vertex set V(H’ ) U 
. . . U V(H’) U {co} (where 00 is a new vertex) by taking edges of the form 
(i) e’ U {co}, where ei E E(H’), i = 1,. . . , r, and 
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(ii) {u! I,. . . ,I$‘}, where j = 1,. . . ,n. 
The transformation H + H’ is clearly polynomial. 
Suppose n : V(H’) + { 1,2} is a 2- CO oring 1 of H’. Consider the sets C’ = {uj E 
V(H) : n(uj) = TC(CO)} for i = 1,. . . ,Y. Every uj E V(H) is in some C’ as no edge of 
type (ii) is monochromatic under rc. Also, no C’ contains an edge of H, as no edge 
of type (i) is monochromatic under n. Thus C’ ,. . . ,C’ is a set of r independent sets 
of H that cover V(H), and hence H is r-colorable. 
Conversely, if rc : V(H) + { 1,. . . ,r} is an r-coloring of H, then one can easily 
verify that rc’ : V(H’) -+ { 1,2} such that 
TC’(U~) = 1 if and only if n(tzj) = i 
n’(o0) = 1 
is a 2-coloring of H’. 
Thus we have polynomially reduced Hyp(r - 1, Y) to Hyp(r,2). As noted earlier, 
Hyp(r - 1, r) is known to be NP-complete for all Y > 3, so the NP-completeness of 
Hyp(v,2) for r 2 3 follows. 0 
We summarize the result as follows. 
Theorem 2.2. For all fixed r > 2 and k > 1, 
l Hyp(r, k) E Poly if k = 1, or k = 2 and r = 2, and 
a Hyp(r, k) E NPc if k B 3, or k = 2 and r b 3. 
We shall also need a slightly stronger esult on the following problem. 
Hyp(r, k d 
Instance: An r-uniform hypergraph H of girth greater than g. 
Question: Is H k-colorable? 
Theorem 2.3. For all fixed r > 3, k 2 2 and g 2 2, the problem Hyp(r, k, g) is NP- 
complete. 
Proof. For k 2 3 this was shown by Phelps and Rod1 [35], who transformed Gra(k) 
into Hyp(r, k, g). They also proved Hyp(r, 2,2) is NP-complete. (we remark that in [ 181 
it was shown that deciding 2-colorability of Steiner quadruple systems is polynomial). 
It remains to show that Hyp(r, 2, g) is NP-complete for all g > 3. We shall transform 
Hyp(r, 2) into Hyp(r, 2, g). 
First we will need an r-uniform hypergraph K of girth > g containing distinct vertices 
x,x1,. . . , x,_ 1 such that the following four conditions hold: 
(i) K is 2-chromatic and {x,x1,. .,x+1} y$ E(K). 
(ii) In any 2-coloring of K,{x,nl , . . . , x,_ 1) is not monochromatic. 
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Fig. 1. 
(iii) Any 2-coloring of {x,x1 , . . . ,x,_ 1) that is not monochromatic can be extended 
to a 2-coloring of K. 
(iv) No two of {x,x* , . . . ,x,_ 1) are joined by a path of length < g. 
Let K’ be any fixed r-uniform 3-critical hypergraph of girth > g; the existence of 
K’ follows from the work of Erdiis and Hajnal [19] and from [29] on the existence 
of r-uniform hypergraphs of girth > g with arbitrarily large chromatic number. Note 
that the order and size of K’ is a constant (depending on Y and g). Let e be any fixed 
edge of K’ containing vertices x’ and y’. Take new vertices ~1,. . . ,z,_l (not in K’) 
and form K” from K’ - e by adding vertices zt , . . . , z,_l and the edge {y’, zt , . . . ,z,_~ }. 
K” is clearly r-uniform, of girth > g and 2-chromatic (as K’ - e is). K” satisfies (ii) 
with x = x’ and xi = zi, since in any 2-coloring of K’ - e, x’ and y’ must receive 
the same color; (iii) is satisfied by taking any 2-coloring of K’ - e that agrees with 
the given coloring at x’. However, (iv) is clearly not satisfied since { y’,zt , . . . ,z,_ 1) 
is an edge of K’. Note that in K’ - e, x’ and y’ are not joined by a path of length 
6 g - 1 since K’ has girth > g. We now take copies K{, . . . , K:_, of K’ - e together 
with K” and form the r-uniform hypergraph K of girth > g by identifying yi with zi 
for i = 1 , . . . , r - 1; it is not hard to see that (i)-(iii) hold in K with Xi = x:. Moreover, 
(iv) holds as well, as by the previous remark on the distance of x’ from y’ in K’ - e. 
Thus K is the required hypergraph (see Fig. 1). 
Now given an r-uniform hypergraph, we take m = IE(H)( copies K’, . ..,Km of 
K and form hypergraph H’ from H,K’ , . . . ,K”’ by arbitrarily identifying (in a l-l 
fashion) {x’,xi,. . . ,x:_~ } with the elements of the edge e’ of H, and then removing all 
edges of H (such a construction was used by ToR [40] to build critical hypergraphs). 
H’ is an r-uniform hypergraph of girth > g since each K’ is an r-uniform hypergraph 
of girth > g satisfying condition (iv). 
We now claim that H is 2-colorable if and only if H’ is. If H had a 2-coloring rr, 
then we can extend 7~ to a 2-coloring of each K’, and hence H’, via (iii). Conversely, 
if n’ were a Z-coloring of H’, then by (ii), the restriction of x’ to H is a 2-coloring 
of H. 
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As the construction can clearly be carried out in polynomial time, we have polyno- 
mially transformed Hyp(r,2) into Hyp(r,2,g), and by Theorem 2.3, we conclude that 
Hyp(r,k,g) is NP-complete (all fixed r 2 3, k B 2 and g 3 2). 0 
3. The complexity of P-colorings 
We now consider the following problem for fixed property P and positive integer k. 
Pcol(k) (Graph P k-colorability) 
Instance: A graph G. 
Question: Is G P k-colorable? 
For some choices of (hereditary) properties P, the problem Pcol(k) is not even be 
decidable. For example, if S c(2n + 1 : n 2 5) and PS = -{Cm : m E S}, then P is 
closed under substitution. Let S’ and S be two different such sets, and without loss 
let m E S - S’. Construct inductively a sequence of graphs Gk by setting Gi = C,,,, 
and forming Gk+i by substituting Gk for all vertices but one of C,. As in the proof 
of Theorem 2.8 of [9], Gk is Ps, k-chromatic but belongs to Ps as it is closed under 
substitution. It follows that for any positive integer k, the uncountably many problems 
Pscol(k) are distinct, and hence almost all of them are undecidable! 
However, for many of the properties P that are of interest, it will be clear that there 
is some algorithm for Pcol(k), and it is to these problems that we direct our attention. 
Note that if Pcol(1) (i.e. membership in P) is in NP, then Pcol(k) E NP, since if we 
are given a purported P k-coloring of a graph G, we can use the fact that Pcol( 1) E 
NP to give a verification that each color class is in P. Also, the complexity of Pcol(k) 
and Pcol(k) are the same, as a graph G is P k-colorable iff -d is P k-colorable. 
There are some properties for which Pcol(k) is clearly polynomial. For example, if 
m 2 2 is fixed and P is the collection of all graphs of order at most m, then Pcol(k) is 
clearly polynomial as G is P k-colorable iff G has order at most km. A more interesting 
example is afforded by the properties -{Z&G}. By Ramsey’s theorem, there is an 
N (depending only on m and 1) such that any graph of order at most N contains 
a K,,, or a F. Thus for any graph G of order greater than k(N - l), any subgraph 
of G of order at least N contains a K,,, or z. It follows that no graph of order at 
least k(N - 1) + 1 is -{Km,%} k-colorable, and hence a polynomial-time algorithm 
for -{K,,,,z} k-colorability need only check first if the order is at most k(N - 1) (a 
constant), and then check for at most Nk possible -{Km,%} k-colorings whether any 
of them are indeed a -{Km,%} k-coloring. 
It is interesting to observe that the above shows that there is a polynomial-time al- 
gorithm for -{K,,,,G} k-colorability even though we do not know it explicitly, as the 
determination of the precise value of the Ramsey numbers is a very difficult problem. 
This is similar to Robertson and Seymour’s well-known polynomial-time (but undis- 
covered!) algorithms for recognizing families of minors [36] (though we remark that 
for our coloring algorithms, an upper bound for N will do as well). 
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4. G-free k-colorability 
One of the most interesting set of properties are those of the form -G, where G is a 
graph of order at least 3. Recall that -G is the property of not containing an induced 
G. When G = K2, then -G is the property of being independent (i.e. edge-free), and 
-Gcol(k) is the same as Gra(k). It is obvious that -G l-colorability is polynomial, 
as if G has order m, we need only check whether any of the induced subgraphs of 
order m are isomorphic to G. We state the following conjecture: 
Conjecture 4.1. For any graph G of order at least 3, the problem -Gcol(k) is NP- 
complete for any k 2 2. 
We have not been able to prove this conjecture, but have proved a variety of cases 
for large families of graphs G. 
Proposition 4.2. Let G = H + K, where H and K are nonempty. Then -Gcol(k) is 
Np-complete for k 2 3. 
Proof. As noted above, -Gcol(k) E NP. We reduce Gra(k) to -Gcol(k). 
From Folkman’s theorem, let F be a fixed graph of such that x(F: -(H UK)) > k 
and w(F) = o(H UK) -=c o(H + K). Given a graph W, we construct graph W’ by 
substituting a copy F, of F for each vertex v of W. The transformation is clearly 
polynomial. We will show that W’ is -G k-colorable if and only if W is k colorable 
(this generalizes constructions in [9,11]). 
If ?r: V(W) -+ {l,..., k} is a k-coloring of W, then define n’ : V( W’) + { 1,. . . , k} 
such that z’(F,) = n(u). Each color class of rc’ is the disjoint union of copies of F, 
and hence have clique number o(F) < o(H + K). It follows that each color class is 
G-free, and rc’ is a -G k-coloring of W’. 
On the other hand, suppose that rr’ : V( W’) --f { 1,. . . , k} is a -G k-coloring of W’. 
As x(F: -(H UK)) > k, for every vertex v of W, there is a monochromatic copy of 
H UK, say colored n,. If there is an edge of W uv such that rrU = rcV, then we would 
have a monochromatic copy of (H UK) + (H UK), and hence a monochromatic copy 
of G = H + K, under rc’, a contradiction. Thus the function 7c : V(W) --) { 1,. . . , k} 
defined by rc(v) = rc, is a k-coloring of W, and we are done. q 
We do not know whether NP-completeness holds for (H + K) 2-colorability (un- 
less H + K = K2, of course). The family of graphs of the form H + K (or its 
complement) includes many graphs but, for example, leaves out G being a cycle of 
length at least 5. We include these in the next result (which starts at k = 2, rather 
than k = 3). The proof relies on hypergraph colorings from the previous section, 
and before we proceed, we will need the following correlation between P colorings 
and hypergraph colorings [ll]. For a graph property P and a graph F, as in [l l] 
we can form a hypergraph H,6 on the vertices of F such that the edges of H cor- 
respond to the subsets of vertices of F that induce a vertex P 2-critical subgraph 
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of F. For P = -G, the edges of Hj$ correspond precisely to the induced sub- 
graphs of F isomorphic to G. Moreover, as noted in Theorem 1 .l of [ll], x(HL) = 
x(F:P). 
Proposition 4.3. Let G be 2-connected. Then -Gcol(k) is NP-complete for k 2 2. 
Proof. Again, -G col(k) E NP. Let G have order r. We transform Hyp(r, k,r) into 
-Gcol(k). 
Given an r-uniform hypergraph H of girth greater than Y, we can construct a graph 
F (via the NeSetii-Rod1 construction [32]) by placing a copy of G on each edge of 
H (i.e., for each edge e of H, we take a fixed bijection fe from e to V(G) and define 
a graph edge between u,v E e if and only if fe(u)fe(v) is an edge of G). As H has 
girth > 2, this is well defined, and in fact, if G’ is any 2-connected subgraph of F of 
order at most r, then from the girth of H being more than r, G’ must be contained in 
some edge of H. In particular, the only copies of G are those induced by the edges 
of H. 
Thus H = HFG, and x(H) = x(F : -G). It follows that H is k-colorable iff F is 
-G k-colorable. As the transformation is polynomial, we are done. 0 
By considering complementary properties, we can summarize our results as follows. 
Theorem 4.4. The problem of -G k-colorability is NP-complete for 
l G or G disconnected and k > 3, and 
a G or c 2-connected and k 3 2. 
In particular, -K,col(k) is NP-complete for k > 3 if m = 2 and for k > 2 if m k 3. 
-C,col(k) is NP-complete for k 2 2 for all m B 3. As P2 = Kz, P3 = KI + G and 
- 
P,,, is 2-connected for m 2 5, we have -P,col(k) is NP-complete for (i) m = 2, 3 
and k 2 3, and (ii) m 2 5 and k B 2. 
One of the most interesting problems is whether -Ps 2-colourability is NP-complete. 
The results also conspicuously leave out the complexity of -Pdcol(k); in fact, Pa is 
the smallest graph that is not one of the forms discussed in Theorem 4.4. We can, 
however, prove an NP-completeness result for -P4 k-colorability. 
Proposition 4.5. -PJcol(k) is NP-complete for all k 3 3. 
Proof. Membership in NP is clear. Let F be a fixed -Pd k-chromatic graph. Such 
a graph F can be produced via the substitution operation, but note that its order is 
constant (depending on k, of course). We transform Gra(k) into -Pdcol(k). 
Let G be any graph. We construct a new graph G’ by taking a copy of K3 with a 
distinguished vertex z and joining z to exactly one vertex in each component of G. As 
the components of a graph can be found in polynomial time, we can construct G’ from 
G in polynomial time. G’ is connected, of order at least 3, and it is easy to verify that 
for all k 2 3, G is k-colorable if and only if G’ is. We construct yet another graph 
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Fig. 2. 
G” from G’ by taking a copy F,, of F for each edge uv of G’, removing the edge uv 
from G’ and joining u and v to all vertices of F,, (see Fig. 2). 
G” is clearly constructible from G’ in polynomial time, so the transformation 
G -+ G” is polynomial. We need to show G is k-colorable if and only if G” is 
-Pd k-colorable. 
Suppose hrst G is not k-colorable. It follows that G’ is not k-colorable as well. 
If G” had a -P4 k-coloring rc, then since G’ is not k-colorable, for some edge 
xy of G’, rr(x) = rc(y). Let rc(x) = j. Now j must be used on some vertex s of 
Fxy, as Fxy is not -PJ (k - I)-colorable. Since G’ is connected and of order at 
least 4, without loss there is another vertex w of G’ such that xw is also an edge 
of G’. The color j again must appear on some vertex t of Fm, a contradiction as 
then {y,s,x, t} induces a monochromatic copy of Pa. Thus G” cannot have a -P4 
k-coloring. 
On the other hand, if G has a k-coloring z, then G’ has a k-coloring x’. We can 
extend rr’ to a map z” : V(G”) + { 1,. . , k} by letting the restriction of x” to G’ be 
rc’, and the restriction of X” to any Fxy be any -Pe k-coloring of F,,, for all edges 
uv of G’. Each color class of n” is the disjoint union of graphs arising by substituting 
P&ree graphs into the vertices of a star. Since -Pa is closed under substitution and 
each star is P4-free, we conclude that each color class of x” is P4-free and hence G” 
has a -PA k-coloring x”. 
Thus we have polynomially transformed Gra(k) into -Pbcol(k), so we conclude that 
-P4col(k) is NP-Complete for all k 2 3. 0 
We remark that Burr [16] investigated the complexity of Ramsey edge colorings 
of graphs. That is, given fixed graphs Gi and Gz, what is the complexity of deter- 
mining whether the edges of a graph F can be colored with 2 colors so that color 
class i (i = 1,2) does not contain a partial subgraph isomorphic to Gi? This can be 
viewed as an edge analogue of G-free colorings. Burr proved NP-completeness results 
for G and H 3-connected, and provided polynomial algorithms when G and H are 
stars. 
5. Remarks 
There are many properties of interest for which the complexity of P colorings is not 
known. It would be useful to have a general result that classified the complexity of P 
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colorings, but we feel that this is highly unlikely to be found. Along those lines, we 
can show the following. 
Proposition 5.1. Let P be a property closed under substitution such that every vertex 
P 2-critical graph is 2-connected. Then Pcol(k) is NP-hard for all k 3 3 (and NP- 
complete if Pcol( 1) E NP). 
Proof. We find a polynomial transformation of Gra(k) into Pcol(k). Such a transfor- 
mation will imply the NP-hardness for all k 2 3 (and NP-completeness if Pcol( 1) E 
NP). 
Let W be a fixed vertex P 2-critical graph with two distinguished vertices x and 
y. We take a fixed P k-chromatic graph Fk and construct W’ by substituting Fk for 
every vertex of W but x and y. Given a graph G, we construct a graph G’ on V(G) 
by taking, for each edge uv, a copy WLv of W’ and identifying x,,, and y,, with u and 
v in a l-l fashion (and thus uv is an edge of W’ if and only if xy is an edge of W). 
This construction is clearly polynomial since the order of W’ does not depend on G. 
We need to show now that G is k-colorable if and only if G’ is P k-colorable. 
Suppose first that G has a k-coloring X. We extend n: to G’ by letting the restriction 
of n to each of the substituted copies of Fk in Wi, (uv and edge of G) be a P k- 
coloring of it. As every P 2-critical graph is 2-connected, and as P is closed under 
substitution, we see that each color class of G’ is a P graph. Thus G’ is P k-colorable. 
Conversely, if n : V(G’) + { 1,. . . , k} is a P k-coloring of G’, then for any edge 
uv of G, each color appears on each copy of Fk in WL, (since x(Fk : P) > k - 1). It 
follows that x(u) # rc(v), for otherwise the color class n-‘(u) would contain a copy 
of W, a vertex P 2-critical graph. Thus the restriction of n to the vertices of G is, in 
fact, a k-coloring of G, and G is k-colorable. Cl 
As the property of perfection is closed under substitution and every minimally im- 
perfect graph is Z-connected, this yields an alternative proof from [I I] that perfect 
k-colorability is NP-complete for k 2 3. 
Finally, we mention that if we extend the graphs we consider from finite to infinite 
graphs, then we can prove undecidability results for P k-colorability analogous to 
the ones in the previous section. As in [ 151, we define a countable graph F to be 
doubly periodic if the following conditions hold. The vertices of F are a;,j,t, where 
i, j E N and 1 E (0,. . . , L} (L a fixed positive integer). All the edges of F are 
within a cell A,,j = {ai,j,, : 0 < 1 < L} or between cells whose i and j coordinates 
differ by at most one. Moreover, the adjacency of ai,j,l and ai/,j:rj depends only on 
i _ i’, j _ j’, 
I and I’. Burr noted that such an F is really a finitary object (i.e. has 
a finite description) so no problems with recursion arise. Burr proved the following 
result: 
Theorem 5.2 (Burr’s Theorem [ 151). Let k 2 3 be a fixed integer. Then we can 
construct a doubly periodic graph W such that graph k-colorability is undecidable 
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for the class of graphs formed from W by adding in a finite set of vertices and 
edges. 
Using this result, we can prove analogs to the results of the previous section. For 
example: 
Theorem 5.3. Let k 2 3 be a fixed integer, and let H and K be Jixed nonempty finite 
graphs. Then we can construct a doubly periodic graph W’ such that -(H +K)col(k) 
is undecidable for the class of graphs formed from W’ by adding in a finite set of 
vertices and edges. 
Proof. As in the proof of Proposition 4.2, let F be a fixed finite graph with clique 
number o(H UK) that is not -(H UK) k-colorable. We form W’ by substituting a 
copy of F for every vertex of the graph W in Burr’s Theorem. It is not hard to see 
that W’ is doubly periodic as well. Moreover, if G is any graph formed from W by 
adding a finite number of vertices and edges, then G’, the graph formed by substituting 
a copy of F for each vertex of G, arises also by adding a finite number of vertices 
and edges to W’. 
By the same argument as in the proof of Proposition 4.2, G is k-colorable if and 
only if G’ is -(H U K) k-colorable. Note that the construction G ---) G’ is clearly 
computable (i.e. recursive). Thus if there is an algorithm to check whether the graphs 
G’ are -(H U K) k-colorable, then there would be an algorithm to solve graph k- 
colorability on the class of graphs in Burr’s Theorem, a contradiction. Therefore, the 
problem of determining whether a graph formed from W’ by adding a finite number 
of vertices and edges is -(H UK) k-colorable is undecidable. 0 
From this theorem, we can easily derive the undecidability of -(H UK) k-colorability 
(k 2 3) for a suitable recursive family of graphs. Other constructions (for both hyper- 
graphs colorings and graph P colorings) of the previous two sections will generate sim- 
ilar undecidability results, and illustrate the general observation that ‘infinite’ analogs 
of NP-complete problems often turn out to be undecidable. 
We conclude by mentioning the most interesting open problems. First of all, what 
is the complexity of -P3 2-colorability? Note that a graph is q-free if and only if it 
is the disjoint union of complete graphs. Thus a P3 2-coloring of a graph is equivalent 
to a partition of its vertices into two sets, each inducing a disjoint union of com- 
plete graphs. This is tantalizingly close to graph 2-colorability, but perhaps sufficiently 
different to be NP. 
The classes of graphs left out by Theorem 4.4 are those for which it and its com- 
plement have vertex connectivity 1. This, of course is a small family of graphs, and 
perhaps its structure can be utilized for showing at least that -G k-colorability is 
NP-complete for any graph G of order at least 2 and any k 3 3. 
Finally, general NP-hardness results are of interest for specific properties. For exam- 
ple, is perfection 2-colorability NP-hard? 
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